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Abstract: The big phase space, the geometric setting for the study of 
quantum cohomology with gravitational descendents, is a complex manifold 
and consists of an infinite number of copies of the small phase space. The 
aim of this paper is to define a Hermitian geometry on the big phase space. 

Using the approach of Dijkgraaf and Witten [2], we lift various geometric 
structures of the small phase space to the big phase space. The main results 
of our paper state that various notions from tt*-geometry are preserved 
under such liftings. 
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1. Introduction 

The big phase space M°° - the geometric arena for the study of quantum 
cohomology and topological quantum field theories with gravitational de- 
scendants - consists of an infinite number of copies of the small phase space 
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M . Typically M is the cohomology ring of some smooth projective variety, 
so 

M°° = Y[H*(V;C). 

n>0 

The Poincare pairing on H*(V;C) does not lift canonically to M°° and 
certain lifts of this pairing that can be defined on the big phase space are 
highly degenerate [17] . Thus from a differential geometric point of view the 
big phase space is hard to study. However, in a talk given at the 2006 ICM, 
Liu [16] defined a non-degenerate metric on M°° which is a natural lift of 
the Poincare pairing, namely 

??(r n (7a),T m (7 / g)) = 5 mn r)(-y a ,jp) = 5 mn n a p . 

Note that this is defined in terms of the Poincare pairing on M and a cer- 
tain endomorphism T, which encapsulates the properties of the topological 
recursion operator. 

The aim of this paper is to study Hermitian structures on M°° . This 
will be achieved by coupling the above idea of Liu with original ideas of 
Witten and Dijkgraaf [2j, which relate two-point correlator functions on M 
to two-point correlator functions on M°° . As it turns out, this procedure 
can be used to lift structures such as the it*-equations of Cecotti and Vafa 
PQ from M to M°°. At the centre of the theory developed in this paper lies 
the following result: 

Theorem 1. Suppose that the tt* -equations for a pseudo-Hermitian metric 
h and Higgs field C are satisfied on M , so 

d D C = , D R + [C, C f ] = . 

Then there exists a natural lift of the pseudo-Hermitian metric and Higgs 
field, so that the tt* -equations are satisfied on M°° . 

We also show that the Saito structure on T 1,0 M lifts to a Saito structure 
on T > M°° and that various other substructures on M, compatible with 
the Saito structure or governed by the it*-equations (such as real Saito 
structures, harmonic real Saito structures, harmonic potential real Saito 
structures, DC/i/c-structures and CV-structures), can be similarly lifted to 
M°°. 

1.1. Background. The study of Gromov- Witten invariants and intersec- 
tion theory on the moduli space of curves has provided the impetus for 
many recent developments in mathematics and mathematical physics. By 
studying integrals of products of ^-classes over moduli spaces 

<T ai ...T an > g := _ ^..-C" 

Witten [22] derived three basic equations: the string equation, the dilaton 
equation and the topological recursion relation, and these, used recursively, 
enabled the invariants to be constructed. Such invariants may be combined 
into a generating function and it was conjectured by Witten, and later proved 
by Kontsevich [13], that this is a certain solution of the KdV hierarchy. 
These basic relations may then be generalized and raised to the status of 
axioms of a topological quantum field theory (TQFT). 
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Consider a smooth projective variety V with H odd (V; C) = 0, {71 , . . . , 7^} 
a basis for the cohomology ring M := H*(V; C) and let 



Vap = Vila,!?) = / la U 7/3 
JV 

be the Poincare pairing which defines a non-degenerate metric which may 
be used to raise and lower indices. Following the conventions of Liu and 
Tian [21 [15], a flat coordinate system |tg , a = 1 , . . . , N} may be found on 
M so 7q, = J^r, and in which the components of rj are constant. 

The big phase space consists of an infinite number of copies of the M , 
the small phase space, so 

M°° = Y[H*(V;C). 

n>0 

The coordinate system |tg } induces, in a canonical way, a coordinate system 
-ft" ,n € Z> , a = 1 , . . . , N} on M°°. We denote by T n h a ) = (also ab- 
breviated to r n)Q ) the associated fundamental vector fields, which represent 
various tautological line bundles over the moduli space of curves. A vector 
field W = Yj m ,a fm,oTm{l) is called a primary field if f m>a = for m > 
and a descendent field if /o )Q = 0, for any a. 
The descendent Gromov-Witten invariants 

< 7H x (7oi)...r nfc (7ofc) > 9 

may be combined into generating functions, called prepotentials, labeled by 
the genus g , 

•^9 = j^T 1 • • ^n k k < T m (7ai ) • • • T n fe (7« fc ) >g > 

fc>0 ' ni,ai...n fc ,o fe 

and these in turn may be used to define fe-tensor fields on the big phase 
space, via the formula 

(1) «Wl---W k »g= Yl /mi,ai ■••/m fc a fc ^Tai ^TaT, 

for any vector fields Wj = ^ m a fma 'M Er • ^ ne tensor field ([I]) has a physical 
interpretation as the fc-point correlation function of the TQFT. 

The basic relationships between these correlators may then be encapsu- 
lated in the following: 

Definition 2. Let t" = t" — 5 n> iS a> i and let 

v = -E*>*(o 

be the string and dilaton vector fields respectively. Then the prepotentials 
J- g satisfy the following relations: 
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String Equation: 

«S »g= ^5g fi ^ Va^oto ; 

Dilaton Equation: 



« V » g = (2g - 2)F g - ^ X (V)S g>1 ; 
Genus-zero Topological Recursion Relation: 

« r m+ i(7 Q )r n (7 / 3)r fc (7 CT ) >> =<< T m (<y a )j^ » « 7 Mr n(7/3) T fc(7<r) >>o 

The Topological Recursion Relation in turn leads to the generalized WDVV 
equation: 

\ - d 3 Tp ^ d 3 Tp _ \ - d 3 J"o d 3 Tp 

^dt-dt^dtf dttdqmf " fa dt^mimf dt ^ n dtf 

This may be written more succinctly by introducing the so-called quantum 
product between vector fields on the big phase space: 

Wl O W 2 =« WlW 2 i a » 7cr 

where 7 " = rf^^p an d (rj a/3 ) is the inverse of {r) a n). With this the generalized 
WDVV equation just becomes the associativity condition 

(Wi o W 2 ) o W 3 = Wi o (W 2 o w 3 ) . 

By restricting such theories to primary vector fields with coefficients in 
the small phase space one recovers a Frobenius manifold structure [U |5] on 
the small phase space, with 

F (tl = ^b(t)| t a =0 ,n>0 

becoming the prepotential for the Frobenius manifold and multiplication 
given by 

T~0,a •T 0i f3 =« T 0i aT 0)/ 37 CT >> Q \m1<t- 

Frobenius manifolds have turned out to be extremely ubiquitous structure 
appearing, for example, via the work of K. Saito in singularity theory [20] 
and in the theory of integrable systems, as well as in quantum cohomology 
and mirror symmetry. 

The underlying manifolds, when studying Frobenius manifolds, are actu- 
ally complex manifolds, and the metric rj is an holomorphic (non-degenerate) 
metric, rather than a real- valued metric To define real objects one re- 
quires an anti-holomorphic involution which may then in turn be used to 
define Hermitian objects. This direction of research was started by Cecotti 
and Vafa [T] in their study of tt*-geometry (topological-anti-topological fu- 
sion). The idea has since been developed by Dubrovin [6 J (who studied the 
integrability of M*-equations and developed the connection with plurihar- 
monic maps), Hertling [11] (who connected M*-geometry with the work of 
Simpson on Higgs bundles and generalizations of variations of Hodge struc- 
tures) and by Sabbah [19] (this stressing the actual construction of these 
objects). For a collection of articles on these subject, see [3]. 
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The historical development outlined above may be summarized in the 
following diagram: 



TQFT 

big phase space 
[Witten, Dijkgraaf] 

t 



Probenius manifold 
small phase space 
[Dubrovin] 



< — > 



tt* — geometry, TERP — structures 
Hermitian — Higgs bundles 
[Cecotti — Vafa, Dubrovin, 
Hertling, Sabbah] 



As the title indicates, the purpose of this paper is to introduce a Hermit- 
ian structure on the big phase space and to study the properties of such 
a structure, in particular its relationship with the standard, holomorphic, 
structures. It turns out that one may define a full, infinite dimensional, 
M*-geometry on the big phase space. 

The key object in our treatment is a certain endomorphism of T^M 00 
introduced and studied in [TU [15] , 



(2) T(W) := t+(W) -So T+ (W), W G T 1,0 M°°, 
where 

T± I ^ fn,aTn,a J • — ^ fn,aTn±l,a ■ 
\n,a / n,a 

With this the Topological Recursion Relation takes the compact form 

(3) T{Wi) o W 2 = Wi , W 2 G T l,0 M°° . 

The Poincare pairing is an holomorphic metric on the small phase space, 
not the large phase space. An extension of this metric to the big phase 
space was given in [17], namely < U, V >=« SUV » , but this metric 
is degenerate, a fact that follows easily from the use of the Topological 
Recursion Relation. However, in |16j a non-degenerate holomorphic metric 
on the big phase space was defined, namely 

oo 

(4) fj(W,V) =J2« Sr k _{W)r k {V) » . 

fc=0 

On using properties of the endomorphism T it is easy to show that 

(5) f] (r n (7 a ), T™^)) = 5 mn r](<y a , 7/3) = 5 mn r] al3 . 

This last formula may be seen as a lift, using the endomorphism T, of rj, 
defined on the small phase space, to the big phase space. Combined with a 
basic result of Witten and Dijkgraaf [2] on the use of constitutive relations, 
this gives a way to define Hermitian structures on M°° starting with finite 
dimensional structures on M . 
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1.2. Structure of Paper. The rest of the paper is laid out as follows. 
Section [2] is intended to fix notation. Here we briefly recall the basic facts 
we need about the big phase space, tt*-geometry and the relations between 
ti*-geometry and Frobenius manifolds (see Definitions [7] and [8]) . 

In Section [3] we develop our main tool from this paper. We define the 
natural lift of functions and vector fields from the small phase space M 
to the big phase space M°° (see Definition [TT]) and we study their basic 
properties. The natural lift of a vector field from M to M°° is a primary 
vector field, whose coefficients in canonical flat coordinates are natural lifts 
of the coordinates of the initial vector field. We study how natural lifts 
of functions behave under derivations and in particular we show that any 
function on M°°, which is a natural lift of a function on M, is annihilated 
by the vector fields from the image of the operator T, defined by ([2]) (see 
Lemma [T2|) . Lemma [12] is a main tool for our computations from the next 
sections. Finally, using the same ideas, we remark that any tensor field J- 
on M may be lifted to a tensor field J- on M°°, referred as the natural lift 
of T (see Section I3.2p . In the following sections we consider natural lifts of 
specific tensor fields on M, and show they are part of it*-structures on M°°. 

In Section H] we assume that the small phase space comes with a real 
structure k, compatible with rj (i.e. h := r/(-,k-) is a pseudo-Hermitian 
metric). The natural lift A; of A; is compatible with the natural lift fj of rj 
and we compute the Chern connection of the associated pseudo-Hermitian 
metric h = fj(-, k ■) on T l,a M°° and its curvature (see Lemmas 1191 and I20p . 
These computations will be used later on, in our study of the ii*-equations 
for the extended structures. 

In Section [5] we lift the Higgs field C on M to a (non-commutative) Higgs 
field C on M°° (see Definition EI}. The field C is not the natural lift of C (in 
the sense of Section 13. 2p , but it reflects that 2-point functions lift trivially 
to the big phase space (see Remark I22p . The definition of C also mirrors the 
properties of the Chern connection of h and turns out to be very suitable 
for the ti*-geometry and the theory of Saito bundles on M°°. Other lifts of 
the multiplication from the small phase space to the big phase space (e.g. 
the quantum multiplication mentioned above or the Liu's multiplication o, 
see Remark H|, appear in the literature, but they are not so well suited for 
the rt*-geometry on the big phase space. 

In Section [6] we gather all lifted structures defined in the previous sec- 
tions and we prove that the basic notions from the theory of Frobenius 
manifolds and ii*-geometry are preserved under these lifts. More precisely, 
let (T 1,0 M, V, r], C, Ro, Roo) be the Saito bundle associated to the Frobe- 
nius manifold (M, ; rj, E), where V is the Levi-Civita connection of rj, 
C X (Y) = X • y is the Higgs field, R = C E and R^ = VE, where E is the 
Euler field. Assume that A; is a real structure on M, compatible with r/, and 
let h := rj(-,k-) be the associated pseudo-Hermitian metric. On T 1,0 M°° 
we consider V, fj, C, Rq, Roo, k, h, where V is a flat connection on T l,a M°° , 
defined by the condition that all vector fields T n (ro )Q: ) (n > 0, 1 < a < N) 
are V-parallel, fj, Rq, R^, k and h are natural lifts of r), Rq, R^, k, h, 
and C is the lifted (non-commutative) Higgs field, as defined in Section 
(see Definition l2Tj) . In a first stage we show that (T 1,0 M, V, fj, C, Rq, Roq) 
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is a Saito bundle. Then we prove our main results from this paper: namely, 
we assume that various compatibility conditions between the real structure 
k and the Saito structure (V, rj, C, Ro, Roo) bold (giving rise to a harmonic 
Higgs bundle, a real Saito bundle, a harmonic potential real Saito bundle, 
a DC/ifc-bundle or a CV-bundle), and we prove that all such conditions are 
inherited by the lifted structures on the big phase space (see Sections 16.21 

E3E2D. 

Acknowledgements. L.D. is partially supported by a grant of the 
Romanian National Authority for Scientific Research, CNCS-UEFISCDI, 
project no. PN-II-ID-PCE-201 1-3-0362. 

2. Preliminary material 

This section is intended to recall basic facts we need from the geome- 
try of the big phase space, theory of Frobenius manifolds and ii*-geometry. 
The manifolds we consider are complex and the vector bundles holomorphic. 
For a complex manifold M, we denote by T 1,0 M the holomorphic tangent 
bundle of M, by T M , 7^°, C°°(M), C°°(M,R) the sheaf of holomorphic 
vector fields, vector fields of type (1,0) and complex, respectively real val- 
ued smooth functions on M. Vector fields on the small phase space will be 
denoted by X, Y, Z, etc, while vector fields on the big phase space will be 
usually denoted by U, V, W. (Unless otherwise specified, vector fields are of 
type (1,0), not necessarily holomorphic, and functions are smooth and com- 
plex valued). For an holomorphic bundle V -> M, Q l (M,V), Q l >°(M, V) 
and Q 0,1 (M, V) will denote, respectively, the sheaves of holomorphic 1-forms, 
forms of type (1, 0) and forms of type (0, 1) on M, with values in V. 

2.1. The geometry of the big phase space. The material in this section 
is taken directly from |14 | I15 1 [16] and no proofs will be given. The first lemma 
shows that the string vector field behaves like a unit for the quantum product 
restricted to primary fields, and the second lemma derives properties of a 
naturally defined covariant derivative on the big phase space. 

Lemma 3. For all primary vector fields W and for all vectors fields U , V 
on M°°, 

SoW = W, 
SoUoV = UoV. 

Remark 4. Besides the quantum product, there are also other interesting 
multiplications on the big phase space, see e.g. [16]. The multiplication 

T n (U) o T m (V) = 8 mn T n (U o V), 

where IA and V are primary vector fields, is commutative, associative, with 
unit field 

5 = ^T fc (5o5). 

fc>0 

One may also show that the metric fj and the multiplication o are compatible 
in the sense that 



f)(Wi o W 2 , W 3 ) = rj(Wi, W 2 o W 3 ) 



s 



LIANA DAVID AND IAN A.B. STRACHAN 



However one may check that (M, o, S) is not an F-manifold [10 1. 
Lemma 5. Let V be the covariant derivative defined by 

(la) 

where W = Ylm a fm,oJm(la) o,nd V is an arbitrary vector field on M°°. 
Then 

k 

W « Wi ■ ■ ■ W k » = J2 « w i • • • W i - 1 (V w Wi)W i+1 • • • w k » 

1=1 

(6) +«MWi-W fc » , 
for any vector fields W, Wi on M°° , and 

V v (T fc (>V)) = T k (VyW) — T fc_1 (V o W) , 

[T n ( 7Q ),T m ( 7/3 )] = 0, n,m>l, 

[T n ( 7a ),7/3] = r- 1 ( 7Q o 7/3 ), n>l. 

Thus the vector fields {T n {^ a ) , n € Z>o , a = 1 , . . . , N} form a frame for 
T l ^M°° , but not a coordinate frame, due to the last of the above equations. 

Remark 6. The connection V as defined above induces an holomorphic 
connection on T 1,0 M in the obvious way (if X and Y are vector fields on 
T 1,0 M then S/xY is also a vector field on T 1,0 M), for which {to jQ } are 
flat. In particular, the induced connection coincides with the Levi-Civita 
connection of r], and will be also denoted by V. It will be clear from the 
context when V acts on T lfi M or T lfi M°°. 

2.2. Probenius manifolds and it*-geometry. In this section we recall 
the basic definitions from Frobenius manifolds and tt*-geometry, see e.g. 
|1H 119], We begin with the definition of Saito bundles and we explain their 
relation with Frobenius manifolds. Then we add a real structure on a Saito 
bundle and we define various compatibility conditions between the Saito 
structure and the real structure. We work in the holomorphic category: 
all manifolds, bundles, tensor fields, connections etc from this section are 
holomorphic, unless otherwise stated. 

Definition 7. A Saito bundle (of weight w £ C) is a vector bundle 

(vr : V ->M,V,g,C, #0,^00) 

endowed with a connection V, a metric g, a vector valued 1-form C 6 
Q 1 (M, Endy) and two endomorphisms Rq and Rqo, such that the follow- 
ing conditions are satisfied: 

(7) i? v = 0, d w C = 0, Vg = 0, C A C = 0, C* = C, 
and 

Vi?o + C = [C, Roo]i [Ro,C] = 0, Rq = Ro; 
VRoo = 0, R* 00 + R 00 = -wld v . 



tt*-GEOMETRY ON THE BIG PHASE SPACE 9 

Above d^C and C AC are End(V) -valued 2-forms, defined by 

(d V C) X ,Y := V X (Cy) - Vy (C X ) - C [X>Y] , 

(C A C)x,Y ■= CxCy — CyCx 

for any X, Y G 7m, and the superscript "*" denotes the g-adjoint (in par- 
ticular, C\ G End(V) is the g-adjoint of Cx G End(V)^. Moreover, [Ro,C] 
is an End(y) -valued 1-form, which, on X £ T 1,0 M, is equal to [Rq,Cx]- 

A Frobenius manifold (M, •, e, 77, E) defines a Saito structure (V, rj, C, Rq, Roo) 
on T 1,0 M, where V is the Levi-Civita connection of 77, CxY := X • Y is the 
Higgs field, Rq := Ce is the multiplication by the Euler field and R^ := S7E. 
The weight of this Saito structure is d, where Le{q) = —dg. Conversely, 
any Saito bundle whose rank is equal to the dimension of the base, together 
with a suitably chosen parallel section (usually called primitive homoge- 
neous), gives rise to a Frobenius structure on the base of the bundle [20] 
(see also [IB]). 

We now add a real structure to a Saito bundle and define various com- 
patibility conditions, which give rise to the notions of real Saito bundles, 
harmonic real Saito bundles and harmonic potential real Saito bundles. 

Definition 8. 1) A real Saito bundle is a Saito bundle 

(vr : V ->M,V,g,C, R ,Roo) 

together with a real structure k : V — > V (i.e. k is a fiber-preserving smooth 
anti-linear involution) such that g, k are compatible (i.e. h := g(-,k-) is 
a pseudo-Hermitian metric) and g, h are also compatible (i.e. D(g) = 0, 
where D is the Chern connection ofh). 

2) A harmonic real Saito bundle is a real Saito bundle 

(it :V ^ M,V,g,C,Ro,Roo,k) 

such that (V,C,h = g(-,k-)) is a harmonic Higgs bundle, i.e. the tt*- 
equations 

(d D C) ZuZ2 = 0, R D Zi - Z2 + [C Zl ,Cl 2 ] = 0, Z h Z 2 e T^M 
hold, where 

(d D C) Zl ,z 2 ■= D Zl (Cz 2 ) - Dz 2 (C Zl ) - C[ Zl ,z 2 }' 

C ] G fi^Af.EndV) denotes the h-adjoint of C G n 1 '°(M,EndV) and D is 
the Chern connection of h. 

3) A harmonic potential real Saito bundle is a harmonic real Saito bundle 

(tt:V ^M,V,5,C,i?o,#oo,A;) 

together with a smooth g-self adjoint endomorphism A of V ( called the po- 
tential) such that the following conditions hold: 

3a) D^'^A = C, where D is the Chern connection of h := g(-,k-); 

3b) = V- [A^,C], where A* is the h-adjoint of A; 



10 



LIANA DAVID AND IAN A.B. STRACHAN 



3c) the endomorphism R^ + L4^,i?o] is h-self adjoint. 

A Frobenius manifold with a suitably chosen real structure and a (not 
necessarily holomorphic) endomorphism of the tangent bundle gives rise to 
the notion of harmonic Frobenius manifold, defined as follows. 

Definition 9. A harmonic Frobenius manifold is a complex Frobenius man- 
ifold (M,o ? e,g,E) such that Le{q) = dg, with d £ 1, together with a real 
structure k on T 1,0 M and a smooth endomorphism A ofT 1,0 M (called the 
potential of the Frobenius manifold), such that the associated Saito bundle 
(T 1,0 M, V, g, C, Ro = Ce,Roo = V-E) is a harmonic potential real Saito 
bundle, with real structure k and potential A. 

One may show that any harmonic potential real Saito bundle whose rank 
is equal to the dimension of the base, together with a parallel primitive real 
homogeneous section, gives rise to a harmonic Frobenius structure on the 
base of the bundle. For our purposes, we do not need this construction. For 
a precise statement and proof, see Corollary 1.31 of [19J. 

Remark 10. As will be proved in Section 16.11 the tangent bundle of the 
big phase space comes naturally equipped with a Saito structure, obtained 
by lifting the Saito structure of the small phase space. Thus it is natural 
to look for ti*-structures on the big phase space, compatible with this lifted 
Saito structure. For this reason, in Definition [8] above only notions from tt*- 
geometry, which admit an underlying Saito structure, were recalled. It is 
worth to remark however that other important notions exist in tt*-geometry, 
which are build as an enrichment of the notion of harmonic Higgs bundle, 
rather than Saito bundle, and do not necessarily admit an underlying Saito 
structure. For example, in the language of [11] . one may consider the notion 
of DChk-bundle, which is a harmonic Higgs bundle (V, C, h), together with 
a real structure k, such that g := k-) is a symmetric (holomorphic) met- 
ric, compatible with h. A richer notion is the notion of CV-bundle, which is, 
by definition, a .DC/i/c-bundle (V, C, h, k), together with two endomorphisms 
14 and Q (the latter not necessarily holomorphic), satisfying the following 
conditions: 

i) for any X € T 1>0 M, [C X ,U] = 0; 

ii) for any X £ T 1,0 M, 

D x U + [C x ,Q]-Cx = 

and 

DxQ- [Cx, kUk\ = 
(as usual, D denotes the Chern connection of h). 

iii) Q is /i-self adjoint and g-skew adjoint. 

Such structures arise naturally in singularity theory [llj . While our pri- 
mary interest is in the structures presented in Definition [8l it turns out that 
the notions of DChk and CV-structures are preserved under our liftings to 
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the big phase space. These facts will be referred to throughout the course 
of this paper, but no proofs will be given. 

3. Natural lifts from M to M°° 

In this section we describe a canonical way to lift tensor fields from the 
small phase space M to the big phase space M°° . This will be our main tool 
in the construction of a Hermitian geometry on the big phase space. The 
idea is an adoption of the use of constitutive equations and was originally 
introduced by Dijkgraaf and Witten [2]. We preserve the notation from the 
Introduction and Section [2. li 

3.1. Natural lifts of functions and vector fields. 

Definition 11. i) Let f be a function on M. The function f on M°° , 
defined by 

(8) fK) := f (v af> « T ,lT ,p » ) , 

is called the natural lift of f . 

ii) Let X G Th° a vector field on M , given in flat coordinates {t$} by 



N 



X 



The primary field 



a=l 



N 



TQ,c 



a=l 



is called the natural lift of X to M°°. 



We now develop some simple properties of natural lifts, which will be 
useful in the next sections. 



Lemma 12. For any W € T^t and f G C°°(M), 



(9) 

In particular, 
(10) 



df_ 

< 



if" « ro,iro i(J W >> . 



T(W)(/) = 0. 



Proof. Consider the vector valued function 

u:= (n 1 ,--- ,u N ), u a :=rj aP « t oa t ^ » 
From (JHJ) , / = / o u and 



(11) 



df_ 

dt« 



df_ 



df_ 



rf « To t lT 0j aT nt a >> , 



where we used (|6|). Relation (|9|) follows. Relation ()10p follows from Q, the 
Topological Recusion Relation ([3]) and the definition of the quantum prod- 
uct. 
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Remark 13. In computations we shall often use 

1 A 



□ 



Tp a « T ,lT ,a,W »„, 



for any / £ C°°(M) and W € 7$L, and also 



-1,0 



(12) r(W)(/)=0, V/eC°°(M), WeV 

These follow by taking conjugations of (|9|) and ()10p . and using that conju- 
gations commute with natural lifts of functions. 

3.2. Natural lifts of arbitrary tensor fields. Using the above ideas one 
may lift any tensor field, from M to M°°, in the following way. We first 
extend componentwise the endomorphism T, defined by ([2]), to products 
T 1 '°M 00 x • • • x T^M 00 (p > factors; when p = the product reduces to 
the trivial bundle M°° x C and T is the identity operator). Similarly, we 
define a map 

(13) A : r 1,0 M x • • • x T 1,0 M -> T lfi M°° x • • • x T lfi M°°, 
(p- factors in both products) which, for p > 1, is given by 

(Xl, • • • ,X P ) A := (Xi, • • • ,X P ). 

For p = 0, the map ()13p is defined on C°°(M) and is just the natural lift of 
functions. With this preliminary notation, let J 7 be a (p, g)-tensor field on 
M, i.e. a map 

T : T lfi M x • • • x T lfi M -> T lfi M x • • • x T lfi M, 

(p- factors in the left hand side, q in the right hand side), which is C°°(M)- 
linear (in all arguments) or C°°(M, M)-linear and complex anti- linear (in all 
arguments). The natural lift J 7 of J 7 is a tensor field of the same type on 
M°°, defined by 



T[T^(r , ai ),--- ,T n "(r , ap ))=5 ni ,.,, np T^ (f^,- ,r , a J] 
where 8 n i,— ,n p = unless all are equal and 5 n ... n = 1. 
Remark 14. From the definition of J 7 , for any vector fields Xi, ■ ■ ■ ,X p G 

'M ' 

(14) j-jV^X),-- - ,T^(X P )) =5 ni ,.., np r n *([j-(x 1) ... ,X P )] A ). 

Example 15. i) Liu's metric © (see |17j ) already mentioned in the Intro- 
duction is the natural lift of the Poincare metric ij: 

(15) fj{T n (To )a ),T n (TQ ) p)) = S mn r)(T 0ta ,T 0t p), Vm,n 

the right hand side of the above expression being constant, hence coincides 
with its natural extension. 

ii) The natural lift A of an endomorphism A of T 1,0 M (viewed as a (1, 1)- 
tensor field) is given by 

A(T m (T , a )) = T m {[A(T , a )} A ). 
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Note that [j4,£?] a = [A, 5], for any endomorphisms A and B of T 1,0 M. 

4. The lifted pseudo-Hermitian metric 

We now consider a real structure k : T 1,0 M — > T 1,0 M compatible with r], 
i.e. h := rj(-,k-) is a pseudo-Hermitian metric. It is easy to check that its 
natural lift k : T 1 ' M 00 -> T 1 ' M 00 is a real structure, compatible with the 
natural lift fj of rj, and that k and f\ give rise to a pseudo-Hermitian metric 
h = 7)(-,k-), which is the natural lift of h. In this section we compute the 
Chern connection and the curvature of h. For completeness of our exposition, 
we recall the expression of h. 

Definition 16. The natural lift h of h to M°° is defined by 

(16) MT> 0ia ),T m (T 0j/3 )) = S mn [h(r , a ,r ,p)] A , Vm,n. 
More generally, 

(17) h(T n (X),T m (Y)) = 5 mn [h(X,Y)] A , VI^Gf//. 

To simplify the expression of the Chern connection of h and other expres- 
sions we define the functions (following Getzler [7]) 

(18) Ml := rf a « t^t^t^ » , l<a, 7 <N 

and study some of their basic properties (see Remark [17] and Lemma fT8|) . 
Remark 17. With the above notation, relation ([9]) implies 

A 

m£, V/ e C°°(M). 

Notice that relation flED implies M° = T 0>a (p), where • • • ,tff) = t%. 

It also follows from the String Equation that 

M V\M = S a ■ 

In what follows we shall use the derivatives of the functions M° along 
vector fields from the image of the operator T. We will compute these 
derivatives now, and then compute the Chern connection of h. 

Lemma 18. The following relations hold: for any 1 < a, f3, a < N , 

T(r 0i/3 )(M^) = (t 0>q o T 0tP )(p) = rf» « T 0> iTo,^T ,a o r 0tP ) » 

and 

T«{T 0j p){MZ) = 0, \/q>2. 

Proof. We use M£ = TQ^ a {f a ) (from the previous remark) and that f a is 
annihilated by T q (rQ^) for any q > 1 (see Lemma [T2j) . Recall, also, that 

[T 9 (To,p),T 0>a ] = T 9_1 (r 0ia o T ,p), 

(see Lemma [5]). We obtain: for any q > 1, 

T«(t 0j/3 )(M*) = T«(T ,p)T , a (P) 

= [T q M,T , a }(T°)=T<'- 1 (T 0:a oT ^(p), 



(19) 



T0,a(f) 



df_ 
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which vanishes when q > 2. When q = 1, we obtain 

T(t 0)/3 ) (M£) = (r 0)Q o Tb tP )(p) = if* « r ,iTo, M (To, a o r 0j/3 ) » 
where in the last equality we used ([9]), with / := f a and W = To, a °to,/3- D 
From the above lemma, T q (ro g)(M^) is symmetric in a and (3 . 

Lemma 19. Let D be the Chern connection of h. The Chern connection D 
of h is given by: for any n > and 1 < a, (3 < N , 

i a" 1 



(20) D TOa (T«(r ^)) = M°T n ( [D To>ct (r 0l/3 ) 
and 

(21) Arov) (T n (^)) = 0, VWe 
Proof. By definition, the Chern connection Z) satisfies 

(22) WiMW 2 ,W 3 ) = M£> Wl W 2j W 3 ), VWi,W 2 ,W 3 G Ta/oo. 

Let Wi := r , a , W 2 := r n (ro l/9 ), W 3 := T m (r 0>7 ). With these arguments, 
equation ([22]) becomes 

(23) S nm r , a { V) = & (A- , Q (T*^)) , T m (r 0i7 )) , 

where, to simplify notation, we defined fyg 7 := H{tq^, to )7 ). But from (fl"9|) . 

e?fyg 7 



(24) r , a (V 



M° = M°[h (D To Jt 0>p ),t , 7 )]' 



3D 

Combining ()23p with (|24p we obtain: Vn, m, a, /3, 

M> (r* ([D TOir (r 0> p)] A ) ,T m (r , 7 )) = (^ TOia (T"(r 0i ^)) ,T m (r 0i7 )) . 

From the non-degeneracy of h, we obtain (|2U|) . 

We now prove (f21"j) . With W 2 and W 3 as above, h(W2, W 3 ) is the natural 
extension of 5 mn hp^. Thus, if Wi = T(W) in the image of T, it annihilates 
/t(W 2 ,W 3 ) (see Lemma IT2"]) and from ([22j), 

(25) (^T(W) (T n (T ,p)) , T m (r 0i7 )) = 0. 

Using the non-degeneracy of h again, we obtain (|2ip . 

□ 

From Lemmas [12] and fl"9l the covariant derivatives with respect to D of 
vector fields T n (X), in directions from the image of T, vanish: 



(26) D T(W) [T n {X)j =0, VWe TAf-, X £ T M . 

This fact will be used often in the computations from the next sections. 
Lemma 20. The curvature D R of D is related to the curvature D R of D by: 

(27) DR TOa — {T^r 0n )) = M°M»T r ( [D^—^)] A ) , 
where 1 < a, j3,j < N and r > 0. If m or n is bigger than zero, 

DR T"(r , a ),T^J) ( rr ( T o,7)) = °- 
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Proof. For any Wi,W 2 , W 3 € 7m°°, 

6 %,w 2 (W 3 ) = A^A^ (W 3 ) - A^Avi (W 3 ) - £> [Wll w 2 ] (Wa) 
= -^^(Ws), 

where we used 

[Wi , m] = o, D W2 (m) = Bw 2 (w 3 ) = o 

because Wj are holomorphic and Z) is a Chern connection (hence its (0, 1) 
part is the d operator). Let 

m := T n (r , a ), W 2 := T m (To i/3 ), W 3 := T r (r , 7 ). 

With these arguments, 



(28) DR T"(r Q ^),T^{r 0ifi ) 

From Lemma [T9l if n > 0, 



(T r (ro, 7 )) 



-a 



" R T™(To, Q ),r m (T 0i(9 )( 7ir ( To .7)) - °- 



If n = 0, then, again from Lemma [TUl 



710, a, T" 



-a 



(29) 



-mzt t ( a 



^^([^(to^)]' 

[A- , ct (7-0,7)] ' 



where in the last relation we used that T and M° are holomorphic. We 
define functions f^-y on M by the formula 

(30) ^ro, CT (ro, 7 ) = /^r , M . 
With this notation, relation ()29[) becomes 

(31) X..,t^) ( Tr M) = ~ {M^T^J) (jty } T r (r 0iM ). 



ro, a ,r™(T 

We now distinguish two cases: 

1) If m = 0, then, from Remark 113} 



TQ,i3 [ fa-, 



0ff 



and 



R T , a ,r5j (T r (r 0i7 )) 



M°MpT r 



Ml 



D 



'R 



T0,a,TX> 



-(7-0,7)] J . 



which implies ()27|) . 

2) If m > 0, the right hand side of ([31]) is zero, because is annihilated 
by r m (ro 5i g) (again from Remark 1 13|) . 

□ 
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One of the fundamental properties of the pseudo-Hermitian metric h is 
that it must be compatible with the holomorphic metric r\ , namely Dr/ = 
[TJ [6] . It will turn out that the lifted metrics satisfy this same condition on 
the big phase space (see Section [673]) . 

5. The lifted Higgs field 

In this section we lift the Higgs field from the small phase space to the big 
phase space. Unlike other types of tensor fields involved in our constructions, 
the Higgs field on the big phase space is not obtained via the general lifting 
procedure developed in Section 13.21 One motivation for its definition is 
explained in Remark 1221 

Definition 21. Let CxY = X • Y be the Higgs field on M . The Higgs field 
C on M°° is defined by 

(32) C T0<a (T> ,/3)) = M°T n ([CV (t 0i/3 )] A ) 
and 

(33) C Tm(TO a) (T"(r 0)/3 )) = 0, 
for any n > 0, m > 1 and 1 < a, j3 < N. 

We make some comments on the above definition. 

Remark 22. The Higgs field C, restricted to primary vector fields, gives 
the quantum product. This fact relies on a property proved in [2], namely 
that 2-point functions << tq^tq^ » on M°° are natural lifts of their 
restrictions to M. More precisely, to prove that C TOci {tq^) = o ro i( g, we 
notice that 

<< To t aTO,0TO,-y » = 1~0,~/ {« T~0,aT(),f3 » ) 

= 7"0,7 (<< T0,oT0,/3 >>0 U/) A = {^q^ << T 0,a r 0,/3 >>o \mJ M° , 

for any 1 < a,/3,7 < N. We obtain: 

(34) << T 0ia T 0i/3 To, 7 >> = (<< T 0ia T 0i( gro, CT >> \ M T M° . 

In particular, the right hand side of (|34|) is symmetric in a and 7 and thus 

<< To ia To i( gTo i7 » = (<< To l7 r 0i/3 ro i(J >> |j\/) A M^. 
Prom the above relation we then obtain 

T0,q 1~Q,f3 =« To iQ ro,/3r 0i7 » rp V TQ^ 
= M a a (« To, 7 ro i/3 ro i(T » \mV 1u ^ u ) a 
= M^[C T0 Jt ^] A = C T0 Jt ^, 
as claimed. This is represented in Figure 1. 
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M 



Figure 1: The lifting of the multiplication from M to M' 



Remark 23. Note also that C mirrors the properties of the Chern connec- 
tion D given in Lemma [T9l Thus, each term in the second ii*-equation 

£) Rz 1 ,z 2 + [Cz 1 ,cl 2 ] = o, 

behaves in the same manner. Owing to this, the second ti*-equation is 
inherited from M to M°° (we shall give details of this fact in Section 16. 2p . 
This would not occur if Liu's multiplication o or the quantum product o 
were used, instead of C. 

Lemma 24. The metric fj is invariant with respect to C, i.e. 

(35) f)(c m (w 2 ),m) = v(m,c m (w 3 )), 

for any vector fields Wi, W2, W3 G T^L- 

Proof. From the definition of C both sides of (|35p are zero, when Wi G 
Im(T). When Wi = r , a , 

v(C nu T n (T ^,T m (r 0n )) = 5 nm M° [ V (C T0 Jr ^,T 0n )] A 

which is symmetric in the pairs (n,f3) and (m, 7), because rj is symmetric 
and invariant with respect to C. □ 
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6. THE LIFTED tt*-BUNDLES 

In this section we consider various compatibility conditions (see Section 
12. 2p on the structures on the small phase space and we show that they are 
inherited by the lifted structures on the big phase space. We preserve the 
notation from the previous sections. Thus, the small phase space M has a 
metric r\ (the Poincare pairing), a multiplication • (with Higgs field C) and a 
real structure k which is compatible with rj. Recall that k compatible with rj 
means that h := rj(-, k-) is a pseudo-Hermitian metric. We denote by D the 
Chern connection of h. Since M is a Frobenius manifold, (V, ry, C, Rq, Roo) 
is a Saito structure on T 1,0 M, where V is the Levi-Civita connection of 
r\ (which is fiat and V(ro >ce ) = 0, for any 1 < a < N), Rq = Ce is the 
multiplication by the Euler field and Roo = VE. 

The lifted structures were defined in the previous sections and will be 
denoted as before, 17, C, k and h (with Chern connection D). We shall also 
consider the natural lifts Rq and Roo, which are endomorphisms on T l, ®M°° . 
Finally, we need to define a flat connection V on the bundle T 1,0 M°°. The 
connection V will be part of a Saito structure on the big phase space and is 
defined as follows. 

Definition 25. The connection V on T 1,0 M°° is defined by the condition 
that all vector fields T m (ro jQ .), (m > 0, a = 1, • • • ,N) are V '-parallel. 

Note that the V-covariant derivatives of vector fields T m (X), in directions 
from the image of T, vanish, i.e. 

(36) V T(VV) (r m (X)) = 0, VWsTmoo, XgTm, m>0. 

This follows from the above definition and Lemma [T2j Note also that the 
two connections V and V (the latter defined in Lemma [5]) are connected by 
the relation 

(^T»(7o >a ) ~ V T"(ro, a )) (T m (T ^)) = 5„,oT m_1 (r 0ia o r 0)( g), 

though we will not have to use this result. 

Since the various notions from t£*-geometry are built as an enrichment of 
the notion of Saito bundle, we begin by proving that the lifted data provides 
a Saito structure on the big phase space. 

6.1. Lifted Saito bundles. 

Theorem 26. The data (V, fj, C, R , R^) is a Saito structure on T^M 00 . 

To prove Theorem 1261 we need to check that (V, fj, C, Rq, Roo) satisfies 
all defining conditions for Saito structures (see Definition [7]) . In particular, 
in Lemma |2"T1 we show that the potentiality condition d7 C = holds and in 
Lemma |2"81 we show that the relation 

V(R ) + C =[C,Roo] 

holds. The remaining conditions from Definition [7] can be checked easily, 
and we omit the proofs. 

Lemma 27. The equality d^C = holds. 
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Proof. From the various definitions it follows that 

(d v C) TP ( TOiQ ) iT? ( TOi/3 ) (r m (r , 7 )) 

= ^tp(t , q ) (Ct9(t ^)) ( Tm ( r o, 7 )) - ^ti(t 0iP ) (c TP ( TO a) ^J (T m (r , 7 )) 

- C[TP(ro, a ),T9(r , fl )] C^CHVy)) ■ 



When p, q > 1, both Ctp(t 0i ) an d Cr9(r a) are trivial, and from Lemma [SJ 
[I'W.r'M =0. Hence 

(d v C) TP(TOiQ)iT9{To /3) (T m (T 0i7 )) = 0. 
When p = g = we obtain 

(d v C) r0aiTOi/3 r m (ro i7 ) 

= Vr , Q (C'r ^r m (To, 7 )) -V TOj/3 (C , T0Q T m (r , 7 ) 



dM l a 



dM l Q 



lf Tm K„(r 0l7 )] A + MJV TQ , Q T m [C r ^(r Q)7 )] 



([a „(ro, 7 )] A ) - m^v TOi , (r [a „(ro, 7 )] A ) , 



where we used the V-flatness of T m (ro i7 ) and the definition of C. From 

Ml = if* « To,lT 0iM T 0i/3 » 

and relation ([6]), 



(37) 



dM u n 

= rf 11 « T 0i lTo iAt T 0i( gro, Q >> , 



which is symmetric in a and /3. Thus, 

(<FC) WB (T m (r 0i7 )) = M^V T0>a (t™ [a „(r , 7 )] A )-M^V To ,, (r™ [C To> „ (r 0j7 )] ' 
Now, we write 

( 38 ) C r O , (TO,a) = c^T 0iAt 

where c^ CT are the structure constants of the Frobenius multiplication on M. 
With this notation, the above relation becomes 

(39) (d*C) T0M (T m (T , 7 )) = (m^to,^) - M^(c^)) T m (r , u ). 
But from Lemma [T2l 



T 0,a(^ 7 ) 



in 



84 



Mi 



and 



M s a Ml-M 5 p MH)T m (T 0tl 
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which is zero, because is symmetric in fj, and 5 (from d^C = 0) and 
M^Mg — MpMa is skew-symmetric in these indices (for any a, (3 fixed). 
It remains to compute (d v C) T0 a ,T3(r Q «) (^ m ( r o,7))! when q > 1. Note that 

(^COro.^T^) ( Tm ( T 0,7)) 

= -Vr9(r o , ) (c , r , Q r m (r , 7 )) - C [ro ^ Tq{TQ fj)] T m {T ^) 

= -Vt ?K ,) [a o , CT (To, 7 )] A ) +C , T9 - iKqOTo ^ ) (T m (r , 7 )) 

= -^(r 0i/3 )(M-)r m ([C TOiCT (t Q)7 )] A ) + ^ 9 - 1(to , qOTOi ,) (T m (r 0i7 )) , 

where we used Ct<i( To j3 ) = 0, [T^To,^), To jQi ] = T 9-1 (to jQ o to,^) and relation 
(1361) . Thus, 

(^CVo^T^o,,) (T™(r , 7 )) = -T^X^T™ ( [C ro , CT (r , 7 )] A ) 

(40) + (T-(r 0i7 )) . 

When q > 2, both terms from the right hand side of the above equality 
vanish (for the first term, see Lemma fl~8|) . If q = 1, then again from Lemma 
EEJ 

T(ToMMZ) = (T , a oT ,p)(f' T ) 
(recall that / CT (^, • • • ,t v ) = t%). We obtain: 

(d v c) TOjaiT(r0ia ) (r m (r 0>7 )) 

= - (ro, a o r 0t p) (P)T m ([C T0 , CT (r 0)7 )] A ) + a o , a o To ,,r m (r , 7 ). 

But the right hand side from the above expression is zero, because, for any 
primary field W on M°° and 1 < 7 < N, 

(41) - W(?)T m ([C r0iCT (T , 7 )] A ) + C W (T m (r 0i7 )) = 0. 

(To prove (|4"T]) we may assume, without loss of generality, that W = ro ja ; 

then we use the definition of C TQ a (T m (ro i7 )) and To ia (/°") = M„, see Re- 
mark [T7]). Our claim follows. 

□ 

Lemma 28. The equality 

(42) V w (fio) + Cw = [CW, VW € Ta/oo 

Proof. When W = T m (r , a ) with m > 1, C w = and relation (02]) is 
satisfied, because 

V Tm(rOQ) (iio) (T n (r 0l/3 )) = V Tm(ro , tt) (T" [i?o(r Q ^)] A ) = 0, 

where we used the definition of Rq and relation (|36p . 
It remains to check that 

(43) ^r jR ) + Cr , a = [C T0 , a ,Roo}. 



//)•■■. 

MZ 
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For this, recall that 

(44) C T0>a (T>o j/3 )) = <r ( [C r0iCT (r 0i/3 )] A ) . 
Also, it is straightforward that 

(45) [C^Roo] (T n (r ^)) = M°T n {[C^R^to,^) . 
We now check that 

(46) V ro , Q (i? ) {T n M) = M°T n ([V to JRo)(t ^] A ) . 

For this, we define functions rp^ on M by i?o( r o,^) = r /3^To,^i- With this 
notation, relation (|46p is proved as follows: 

V TOia (Eo)(T n (T ^)) = V T0:Q (T n [i?o(To^)] A ) = r , a (r^) T n (r^) 
T n (T ^ = M°T n ([V To jR )(T^)} 

Combining the above relation with (|44p we obtain: 

V T0 JR ) (T> 0)/3 )) + C ro , Q (T*(t^)) 

= M£T" ([V TO]a (i?o)(ro^) + C T0 Jr ^)] A ) 

= MZT n ([C^R^iT^y) = [C ro , a ,^oc] (T"(r 0i/3 )) 
where we used 

V(i? ) + C= [C7,i?oo], 

because {T 1,0 M,V ,t],C,Rq,R 00 ) is a Saito bundle, and relation (j4"5|) . We 
obtained (f4*3|) . as required. 

□ 

In the followings we introduce the real structure k into the picture and 
we study the tt*-geometry on the big phase space. 

6.2. Lifted harmonic Higgs bundles. 

Theorem 29. Assume that (T 1,0 M, C, h) is a harmonic Higgs bundle. Then 
(T 1,0 M°°, C, h) is also a harmonic Higgs bundle. 

The proof follows by combining the Lemmas [30] and [31] (see below). These 
lemmas hold for h an arbitrary pseudo-Hermitian metric on M (not neces- 
sarily related to rj by means of k), without any compatibility conditions 
between h and the Frobenius structure on M. 

Lemma 30. i) The following relation holds: 

(47) (d b C) (T«(r 0l7 )) = M»M$T n ([(d D C) T0 ^ T0 jT ^)] A ) , 
for any 1 < a,/3,7 < N and n > 0. If m or p is bigger than zero, then 

ii) In particular, if the first tt* -equation d D C = for (T 1,0 M,C,h) holds, 
then the first tt* -equation d D C = for (T^M 00 , C, h) holds as well. 
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Proof. From the definition of C and 

(49) [T m (ro, Q ),Tf(r ^)] = 0, Vro,p>l, 

it is immediately clear that (|48|) is true when both m,p > 1. Also, note that 
Dyy = Vyy, for any vector field W in the image of T. Using this remark, 
together with the definition of C again, we obtain: 

(d 6 C) TOia>TPM (T"(r 0)7 )) = (cF6) T0!aiTPM (r"(r , 7 )) , Vp > 1, 
which is zero from Lemma 1271 It remains to prove (|47p . For this, we compute 
Dr , a (Ct ,,) (r(r , 7 )) as follows: 



Dn ha C T0 ,J (T"(r 0i7 )) = D TOa C^T"(r 0j7 ) - C To ^D TO>a (T"(r , 7 )) 



= D T0>a yMpT n [C ro , CT (r , 7 )] A j - M° a C T ^ [T n [D^ (t , 7 )] ' 
= rf" « T 0)1 T 0tV T 0) pT 0ta » T n ([C T0>CT (r , 7 )] A ) 



where in the third line we used 

To simplify notation, we define 

£i(a,/3,7,n) := rf v « T 0t iT 0)U T ^To,a » T ™ (\pT 0>a (To, 7 )] A 
£ 2 (a,/3,7,n) := M^ ro , Q (t" [C T() , ct (t , 7 )] A ) = M a p D^ a (S^fo^ 
E 3 (a,/3, 7 ,n) := M£CV M (t» [A- ,>o l7 )] A ) , 



where c£ 7 are the structure constants of the Frobenius multiplication on M, 



already defined in ([58]) . With these 

K,« (^.p) (T n M) = {Ei + E 2 - E 3 )(a,P,j,n) 



Since 



(d"C) TOia)TOt0 (T> 0)7 )) = D TOia (C^) {T n {r 0n ))-D T0(i (CV , Q J (T> , 7 )), 

we need to compute the skew part (in a and (3) of E\, E 2 and E%. It is clear 
that Ei is symmetric in a and /?. Also, 



£ 2 (a,/3, 7 ,n) = MJ r , a c£ 7 r"(r 0)M ) + c£ 7 M£T n [A^Km)] ' 



Mo 



and a straightforward computation shows that 



£ 2 (a,/3,7,n)-£ 2 (/3,a, 7 ,n) =MJM* 



f 7 



5*o 



tt*-GEOMETRY ON THE BIG PHASE SPACE 



2:-S 



Since ^jS- is symmetric in a and v, the first term in the right hand side of 
the above relation vanishes and we obtain: 

(50) E 2 {a,P,~ i ,n)-E 2 {p 1 a, 1 ,n)=M%M v a 
f s 

computation shows that 

(51) E 3 (a,P, 7 ,n) - E 3 (/3,a, 7 ,n) = M v a M% <£ M /£y ~ 
Hence we obtain 



C M fS _ c m fS T n (Tnx) 
where the functions /* are defined by D TOm (to i7 ) = /^ 7 t 0j< 5. A similar 



(d^CU^ (T n M) = (E 2 -E 3 )(a,P,j,n) - (E 2 - E^a^n) 



C M f 5 _ C M fS _ J fix , J fix T n (Tn 
^ajJvii ^u^fJafi ^a-fiJu^f 1 ^u^iJa-y ^ \'U,i 



On the other hand, one may check that 

(d D C)r ,„,r jT ,,) = - - + C 5 ^) T 0>S . 

Combining the above two relations, we obtain (|47p . as required. Our claim 
follows. □ 

Lemma 31. i) The following relation holds: for any 1 < a,/3,7 < N and 
m > 0, 



i ^nj<r n M) + feA ](T m (r 0i7 )) 



(52) 



MZMaT m 



D 



R To,a,ro^( T On) + Pro, ^C^] (TO 



where (ft G Q ' 1 (M, EndT 1,0 M) and C 1 " G Q 0jl (M°°, EndT 1 ' M°°) are, re- 
spectively, the h-adjoint of C and the h-adjoint of C. 
ii) In particular, if the second tt* -equation 

D R + [C, C7 f ] = 

for (T 1,0 M, C, h) holds, then the second tt* -equation 

b R + [C, Cft] = 
for (T^M 00 , C, h) holds as well. 

Proof. We first compute the /i-adjoint C^- — of C Tofj , as follows: 

h (C TO>0 (T"(r , Q )) ,T m (r , 7 )) = Mfh (t» ( [C TOjCT (t 0|Q )] A ) ,T m (r , 7 )) 
= M^5 nm [/i (C raCT (ro ia ),ro i7 )] A = M£S nm h (r 0)C( , Cl— (to,^ 
= MZfc (V(r , Q ),T m f [c* (r 0)7 )" 



/. r(7i, ia ),M|r (to 



We obtain: 



c, fe( rm (^,7)) = ^r-( C^(r 0i7 ) 



/3- 



T o,. 
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which, combined with 

Cr , a (T m (r , 7 )) = M°T m (lC To jT 0n T) 

gives 

[Cr , a ,Cy (T m (r , 7 )) = M°M*T m ([a , CT ,C^-](r , 7 ) A ) . 

The above relation, together with 

^Rro.^^M) = M°M»T m ([^ To ^^( TOi7 )] A ) 

(see Lemma |20|) . implies (|52p . This proves i). Claim ii) follows from i) and 

D Rm,m = °> [Cwi,C^ 2 ] = 
which hold when Wi or W2 belongs to the image of T. 

□ 

6.3. Lifted harmonic real Saito bundles. 

Theorem 32. Assume that (T 1,0 M, V, 77, R , R^, k) is a real Saito bundle 
(respectively, a harmonic real Saito bundle). Then (T^M 00 , V, fj, C ', Rq, Roo, k) 
is also a real Saito bundle (respectively, a harmonic real Saito bundle). 

The above theorem is a consequence of Theorems [26] and [29] and the 
following lemma. 

Lemma 33. // h is compatible with r\, then h is compatible with fj. 

Proof. Recall that h is compatible with rj if the Chern connection D of h 
preserves 77, i.e. D{rf) = and the compatibility of h and fj is defined in a 
similar way. In order to prove our claim, we will show that 

(53) D w (fj) = 0, VW € Im(T) 
and 

(54) D T0 Jfj) (T n (r , a ),T m (r ^) = M°6 nm [D To Jrj)(T , a ,T 0if3 )) A . 

To prove these two relations, we notice that for any vector field V € T]JL 
and n, m > 0, 1 < a, f3 < iV , 

D v (fj) (T n (r , a ),T m (r ^) = -fj (t) v (r"(r , a )) ,r m (r 0)/3 )) 

(55) -fi(T n (r Q>a ),D v (T m (r ^)), 

because fj (T n (To ja ), T m (To i( g)) is constant. This relation, together with the 
expression of D from Lemma [T9] implies (|53p . Letting V := To i7 in (|55p we 
obtain: 

KJV) (T n (T , a ),T m (T0,p)) = 

= -M°fj (T n ([D T0 Jr 0ja )] A ) ~ M°V (T n (r , a ),T m ([D To Jr ^)] A )) 

= -M°8 mn [rj (D TO a (T Qta ),T 0i p)] A - M°6 mn [rf (r , a , D T0 (t (t ^))] a 
= M°5 nm [D TO tr (ri)(To, a ,To^)] A , 
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i.e. relation (|54p holds as well. □ 

Remark 34. The above lemma, combined with Theorem 1291 imply that if 
(T^M, D, C, h, k) is a DChk-bundle, then (T^M 00 , D, C, h, k) is a DChk- 
bundle (the definition of .DC/ifc-bundles was recalled in Remark 1 1U|) . 

6.4. Lifted harmonic potential real Saito bundles. 

Theorem 35. Suppose that (M, ; e, rj, E) is a harmonic Frobenius mani- 
fold, with real structure k and potential A. Then T^M 00 , with the data 
(V, fj, C, Rq, Roo, k, A), is a harmonic potential real Saito bundle. 

Proof. It is easy to check that taking Hermitian adjoints of endomorphisms, 
with respect to h and h, commutes with taking natural lifts, so that (Ay = 

At (we use the same symbol t to denote h and ^-adjoints). There is a similar 
commutativity property when the metrics r\ and fj are used instead of h and 
h. Thus, since A is 77-self adjoint, A is r)-self adjoint. Similarly, 

iioo + [(i)t, R ] = (R^ + [A\ R ]j A 

is h-self adjoint, because R^ + [At , Rq] is h-self adjoint. From Theorem 1321 
we only have to check that 

(56) f)0-> ) = V — [At, C], D {1 ^A = C. 

Using that T m (ro ii g) are V-parallel, the first equality ([56]) is equivalent to 

(57) D THr0 a) (T m (r^)) + [At, C Tn{ro J (T m (r^)) = 0. 

When n > both terms of (|57p are zero. We now show that (|57|) holds also 
for n = 0. For this, we use 

(58) D T0>a (T-(ro^)) = M°T m ( [D^ (t 0j/3 )] A ) 
and 

(59) [At,C7 T0 ,J (T m (r 0i/3 )) = M°T m ([A\ C n , J(r ^) A ) 

(easy check). On the other hand, V = D + [At, C] (M with the given data 
is a harmonic Frobenius manifold, with potential A) and, since V(ro ji g) = 0, 

(60) D To jT O) p) + [At,C TO J(T O , p ) = 0. 
Combining ([55]) . ([5TJ]) and ([6U]) we obtain 

^ , Q (T m (ro i/3 )) + [At,C T0 ,J (r m (r ,^) = 0. 

The first equality ([56]) is proved. The second equality ([56]) can be proved 
equally easy, by using 

D T0 JA) (T m (r^)) = M°T m ([D T0 JA)(r ^)} A ) 

(61) D THTOa) (A)(T m (To,p)) = 0, 

the definition of C and the condition D 1,0 A = C. 

□ 
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Remark 36. Relations (|59p and (|6ip remain true when .At, respectively A, 
are replaced by any endomorphism of T 1,0 M. Combining these facts with 
Remark[3H it is easy to see that if (T 1,0 M, C, h, k,U, Q) is a CV-bundle (see 
RemarkdO]), then (T 1 -^ 00 , C, h, k, ti, Q) is also a CV-bundle. 

7. Discussion 

The construction of these Hermitian structures on the big phase space 
rests on the pre-existence of two different structures: 

• the lifting map u a = r] a ^ « tq^tq^ » ; 

• the Hermitian structures on the small phase space, 

and one should comment separably on the tractability of each of these two 
points. 

The first point rests on the work of Dijkgraaf and Witten [2j. We repeat 
verbatim their construction, using their normalization of the topological 
recursion relation which differs by a factor to the one used in |14^ [T5] and in 
the above. The string equation gives (where u a = r) a pvP and U : a = r} a pt^) 

oo 

U a = t , a + } \{j + l)U+l,P « nilpha »o 
i=Q 

and small phase space calculations give the constitutive relations 

<< Ti{ll3)la »q= Ra,/3,i( U l !• • • > U N) ■ 

Combining these gives 

oo 

U a = t ,a + y~fo + l)ti+l,pRa,p,i(u>l , U N ) . 

i=0 

Inverting these equations gives u a = u a {t^) , and hence the two-point cor- 
relation functions << tq^tq^ >> as functions of the big phase space vari- 
ables, as required in order to perform the canonical lift described in Section 
0. If dim(M) = 1 this reduces to the single equation 

oo 

(62) u = t + J2 ty . 

i=l 

Thus the extension to the big phase space is entirely tractable, up to the 
inversion of these equations. 

Hermitian structures in one dimension are trivial. One just has h(do, 8q) = 
\a(t)\ for some non-vanishing function a(t) , and the corresponding anti- 
holomorphic involution is then given by k(do) = a _1 |o| do . In fact this gives 
a positive CDV-structure [21J . Thus combining this with the solution to 
(|62[) gives Hermitian structures on the big phase space to 2 dimensional 
gravity [22] . 

The existence of tt*-geometries in higher dimensions is harder. The Her- 
mitian structures involve the construction of solutions to Toda and harmonic 
map type equations [H [9], often with very specific boundary conditions. 
Even in dimension two this involves specific solutions to the Painleve III 
equation. While these equations are integrable, one is rapidly drawn into 
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very sophisticated isomonodromy problems. For details of these construc- 
tions see, for examples originating in quantum cohomology, [12J, and for 
examples originating in singularity theory, [19] . 

Ultimately these constructions rely on the integrability properties of the 
tt*-equations [HE]. The tt*-equations are the compatibility conditions, or 
zero-curvature equations, for the deformed connections 

Wd x Y = (D x -XCx)Y, 
^D X Y = (D x - X-^Y . 

It is easy to show that the A ±2 -terms in the curvature of this connection 
vanish from the properties of the Higgs field, the A^-terms vanish from 
the first ti*-equation d D C = 0, and the A°-term vanishes from the second 
it*-equation D R + [C, C>] = 0. They thus provide a Lax pair for, and hence 
the integrability of, the ii*-equations. 

The results in this paper show that there exists a solution of the analogous 
Lax-pair on the big phase space M°°. However, while one may speculate that 
they define an integrable system on M°° all that has been shown is that any 
solution on M may be naturally lifted to a solution on M°° , not that all 
solutions arise in this way. The integrability aspects of the ii*-equations on 
the big phase space deserves a separate study. 

One geometric structure that plays a prominent role in quantum coho- 
mology is the Euler field, which on the big phase space takes the form 

X = ~ + b a -b x - l)^r m (7 a ) - ^ Cf t° T m -\(ip) , 

m,a m,a,l3 

with the associated quasihomogeneity equation 

<<x>>g =2{b 1 + l){l-g)T g + U afl Y, C ^4-YA [ <*(V)UCd-i(V0 

(for a precise definition of the various constants, see [TH Q2]). To develop 
further these ideas one should study the homogeneity properties of the lifted 
objects on the big phase space, starting with their homogeneity properties 
on the small phase space. Another direction of research would be to reformu- 
late these constructions in the semi-simple case in terms of idempotents and 
canonical coordinates, following [T7]. However, a more geometric problem 
is to seek a description of these Hermitian structures in terms of Given- 
tal s La grangian cones [S]. Recall that Givental showed that the function 
J-q satisfies the Topological Recursion Relations, the String Equation and 
the Dilaton Equation if and only if a corresponding Lagrangian submanifold 
has certain natural geometric properties. This gives a beautiful interpre- 
tation of quantum cohomology and leads naturally to the quantization of 
these objects. Understanding how the (compatible) Hermitian structures 
introduced in this paper can be interpreted within this framework would 
be of great interest. In a sense the results of this paper could be seen as 
a 'pre-Givental' approach. Understanding the symmetries and quantization 
of the ti*-equations, following Givental, would provide an elegant solution 
to the problems addressed in this paper. We hope to address such problems 
in subsequent work. 
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